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We investigate the J1-J2 spin chain consisting of spins with magnitude |. The nearest- 
neighbor and the next-nearest-neighbor exchange interactions are ferromagnetic and antiferro- 
magnetic, respectively, and induce strong frustration. Both these interactions involve the bond 
alternation. We find exact solutions for all the degenerate ground states on the phase boundary 
of the ferromagnetic phase. The degeneracy remains irrespective of two parameters represent- 
ing the bond alternation. The exact solutions are of closed forms for no bond alternation and 
of recursion formulae in general. The exact solutions are applicable to the A chain as a special 
case. 
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The low-dimensional quantum spin system has been an 
interesting subject of numerous studies from long years 
ago. In particular, the interplay of quantum fluctuation 
and geometrical frustration is of current interest. In one- 
dimensional spin systems, various exotic phases and phe- 
nomena are reported such as quantum chiral phases, 1-9 
i-plateau 10-13 and singlet cluster solid. 14 

The Ji-J 2 spin chain is a well-known one-dimensional 
spin model, which has the nearest-neighbor (NN) and the 
next-nearest-neighbor (NNN) interactions with exchange 
parameters J\ and J 2 , respectively Wc restrict ourselves 
to the case that the spin magnitude s is |. For J\ > 
and J2 > 0, because of the frustration, the spin chain 
is known to exhibit a quantum phase transition from 
a gapless Tomonaga-Luttinger-liquid phase to a gapped 
dimerized phase at J1/J2 — 4.15. 15 ' 16 At the Majumdar- 
Ghosh point of J1/J2 = 2, the ground states are of exact 
tensor product forms of singlet NN dimers. 17 

Another type of frustration is induced in the J\-J 2 spin 
chain, if the NN interaction is ferromagnetic (Ji < 0) 
and the NNN interaction is antiferromagnctic (J 2 > 0). 
We call this J\-J 2 spin chain the F-AF chain. The F-AF 
chain is realized in, e.g., Rb2Cu2Mo30i2 with J1/J2 — 
-3 18 and LiCuV0 4 with J t /J 2 ~ -0.3. 19 Relatively less 
attention has been paid to the F-AF chain until such 
materials are discovered. We are interested in the differ- 
ence between frustration effects of the F-AF chain and 
of the J\-Ji chain with both J\ > and J2 > 0. Fur- 
ther, the uniform F-AF chain is extended to a model 
including bond alternation, if the NN and/or the NNN 
interactions have alternative strengths. The competition 
between frustration and bond alternation is of another 
physical interest. 

In the uniform F-AF chain, the ground state is fully 
ferromagnetic for Ji < -4 J 2 . 20-22 For -4J 2 < J\ < 
0, numerical studies suggest a gapless singlet ground 
state, 16,23 while a detailed analysis based on the field 
theory predicts a tiny but non-zero spin-gap for small 
|Ji|. 24 At the phase boundary of J\ — — 4J 2 , Hamada 
et al. 25 found the exact singlet ground state under the 
periodic boundary condition (PBC). The exact solution 



is of a resonating-valence-bond (RVB) form. 

At the phase boundary for the F-AF chain with the 
NN bond alternation, Dmitriev et al. obtained an exact 
singlet ground state for the PBC. 26 ' 27 In the derivation 
process, they also found a special ground state for the 
open boundary condition (OBC), although it is not an 
cigenstate of the total spin. They further claimed that 
all the ground states are degenerate with respect to the 
magnitudes and the z-componcnts of the total spin, and 
that the ground state for each total spin and each z- 
componcnt of the total spin is unique. However, the ex- 
plicit forms of all the degenerate ground states have not 
been shown. 

In this letter, we report all the exact degenerate ground 
states for the uniform F-AF chain under the OBC; they 
are written down in explicit forms. Moreover, when both 
the NN and the NNN bond alternations exist, we ob- 
tained all the exact degenerate ground states in simple 
recursion relations with respect to the system size N. The 
nondegeneracy of the ground state in each sector with the 
fixed total spin and its z-componcnt is also shown. 

The Hamiltonian for the F-AF chain with bond alter- 
nation is written as 



n 



s 2n-l ' s 2n + J \ s 2n ' s 2n+l 
+ JlSin-l ■ «2n+l + J' 2 S 2n ' S 2n+2 ) 



(1) 



where s n is the spin-i operator at the n-th site. J\ and 
J{ are ferromagnetic exchange parameters for NN inter- 
actions, and J2 and J' 2 are antiferromagnctic exchange 
parameters for NNN interactions. Different values of J\ 
and J[ (J2 and J 2 ) represent the bond alternation in 
the NN (NNN) interactions. The lattice described by the 
Hamiltonian is illustrated in Fig. 1. Wc express the NN 
bond alternation by 7 and the NNN bond alternation by 
S as 



Ji = 



Ji 



j'-Jl 



1 + 7 ' " 1 — 7 

j 2 = J 2 (i-5), 4 = J 2 (i + s), 



(2) 
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Fig. 1. The F-AF chain for N spins with a special open boundary 
condition. This consists of N — 2 triangular units. 



where — 1 < 7 < 1 and — 1 < 8 < 1 . Then we have the re- 
lations as Jf 1 = IfJf' + J^ 1 ) and J 2 = |(J2 + J 2 )' Ow- 
ing to the parameterization (2), the phase boundary of 
the ferromagnetic phase is independent of 7 and 8 as will 
be seen. We also define the total spin as S'tot = Y^n=i s ™> s n ' s «a \4>p{h, ji 
and denote the quantum numbers of the magnitude and 
the z-component by Stot and S* ot , respectively. 

Hamiltonian (1) is decomposed into triangular spin 
units each of which consists of three spins. To completely 
decompose it, wc adopt the special OBC where the ex- 
change parameter in the left end is Ji (1 — 8)J2 and that 
in the right end is Ji(l + 8)/ 2 as shown in Fig. 1. The 
Hamiltonian (1) is then rewritten as Tl 
where 

8n 

Jl I «n ' S n+ i 



where c p is a normalization constant, and \(i q ,j q )) = 
(I U„ij g ) - I UJj q ))/V2 is the singlet pair of spins at i q 
and j q . Here, | ti) an d | |;) for the single spin labeled 
by i are eigenstates of s\ with eigenvalues \ and — |, 
respectively. The summation in eq. (5) has been taken 
over all possible combinations ji] i2,j2] ■ ■ ■ j ip,jp), 
or shortly {ik,jk\, under the condition that ik < ju 
(k = 1,2,- •• ,p). Clearly the state (5) with p = is 
fully ferromagnetic. In the special case of p = ^ with 
even N, the state (5) is the same as the exact singlet 
ground state derived by Hamada et al. 25 By operating 
s ni ■ s„ 2 on \(j> p (h, ji] ■■ ■)) in eq. (5), we find 



s, n ■ s n2 \cj) p (ni,ji 
1 



)> = |I<M*i,j'i; 
•)> 



s 



\4>p{ n i,ji'r •■)) ~ ^\4> P (ni,n 2 - 1 ■■ ■)), 
3 

|<Mni,n 2 ; ■•■)> = --r\^ P {ni,n 2 ; ■••))> 



_ ^n-2^. 



ill c, ri2 IV^p 

[\<f> p (ni,ii;n 2 , j 2 

1 



1 



1 



■[|0 p (ni,ii;n 2 , j 2 ; ■ ■ 



• •)> + l^p("i, j2]n 2 ,ii 
)> + |0 P (^i,j2;"- 2 ,«i; • 



1 



l+7r. 



1 - In 



Sn+1 ' Sn+2 + 



(7) 

(8) 

(9) 
••)>] 

)>]. 
(10) 



(3) 



with 5„ = and 7 „ = (-1)™7. 

Solving the Hamiltonian Ti. n for a single triangular 
unit, all the different eigenvalues divided by 1 — 8 n are 

7 2 ) J2 Ji + (1 - 7 2 ) J 2 ± V^D 



Ji 



1 



4(l-r>) 



4(l-7 2 ) 



(4) 



where and jk (k = 1, 2, ■ • • ,p) are different from n\ or 
n 2 . By the aid of these equations, we obtain 

O J 

n n \%) = -^\%) 

for all n. Summing up this equation from n 
we have the following eigenvalue equation: 

3J 2 , 



(11) 
1 toiV-2, 



<N-2)\%) 



(12) 



with D = 37 2 Ji + ( Ji - 2 (l - 7 2 ) J 2 ) . The composite 
spin of the three spins is | for the first and | for the 
second in eq. (4). For Ji < — 4j 2 , the first one in eq. (4) 
is the lowest. We can incorporate the spin-| states of all 
the triangular units into a ferromagnetic state of the to- 
tal Hamiltonian TL. This means that the ferromagnetic 
state is the ground state of Tl. Similar argument has been 
done in the case of no bond alternation. 22 For Ji > — 4J 2 , 
the lowest eigenvalue for a triangular unit is the second 
one with the upper sign in eq. (4). We cannot incorpo- 
rate the spin-i states of all the triangular units into an 
eigenstate of Tl. In particular, the ground state is not 
ferromagnetic for Ji > — 4J 2 . Thus the condition Ji = 
— 4 J 2 represents the phase boundary of the ferromagnetic 
phase irrespective of the values of 7 and i5. 

In the uniform case of 7 = 8 = 0, wc found all the 
exact degenerate ground states in explicit forms at the 
phase boundary of Ji = — 4J 2 . The exact ground state 
with 5tot = ■S'tot — t — P is written down as 



This eigenvalue is the ground state energy, because it 
is just the lower bound which is the sum of the lowest 
energies of the N — 2 triangular units as known from 
eq. (4) with 7 = 5 = and Ji = -4J 2 . Therefore |$ p ) 
for any p is an exact ground state. 

To find the ground state for arbitrary S'tot an d S* ot , 
we tilt S'tot by symmetrically flipping some of half spins 
in the ferromagnetic part of \4>p)- Then we have 



If 



pp' 1 



c pp' 

{ik ,3k} 



q=l 



£' ni 



n 



i'^{*k,jk,i} 




. (13) 



|$p)=c p ^2 \<t>p(ii,ji]i2j2]---]i P Jp)), 

{ik,jk} 



(5) 



\&p(ii,ji]i2,j2]---]ip,j P )) 



IlKW*)) n IT*> 

9 =1 i#{ifcjfc} 



(0) 



where c pp i is the normalization constant and the primed 
summation is taken over all N-2pC p / combinations of p' 
down spins and N—2p—p' up spins for each {ik, jk}- This 
ground state \ $ P p>) has S'tot = -y — P and St ot = -y —p—p'- 
Equation (12) and the spin rotational symmetry of TL 
guarantee that \& PP ') is a ground state. The number of 
states in the form of eq. (13) is j(N + 2) 2 for even TV 
and |[(JV + 2) 2 - 1] for odd N. 

For the general F-AF chain with bond alternation, it is 
difficult to write down all the degenerate ground states in 
explicit forms. We however found that the ground states 
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are exactly expressed in simple recursion relations with 
respect to the system size N on the phase boundary of 
J\ = — 4J 2 . The recursion relations are derived from the 
fact that a ground state of the total chain is simultane- 
ously the ground states of Ti. n for all the triangular units. 
The derivation is explained in what follows. 

Let \j, m) n be the ground state of the TV-site chain for 
S tot = j and S t z ot = m at Ji = -4J 2 . The (N + 2)-sitcs 
ground state \j, m) at+2 is expressed in terms of the N- 
sites ground states for Stot = jil and j with states of 
two extra \ spins at the (N + l)-th and the (N + 2)- 
th sites. By denoting the Clcbsch-Gordan coefficient as 
C(v, /i) = (1, fj,;j + v,m— m), it is written as follows: 

\j,m) N+2 =ffljy(j)y^C(l,jn)|j + l,m - (j,)n ® |t M ) 
+b N (j)Y,C(0,(i)\j > m- li) n ® |t„) 



+C N (j)^2C(-l,n)\j - 1,777- (j) N <g> |t M ) 

+dN{j)\j,m - (x)n ® |s), 



'), (14) 

where |s) is the singlet state for the extra spins, and 
|t M ) is the triplet state for them with quantum num- 
ber [i of the ^-component of the composite spin; then 
each summation takes over fx = — 1, and 1. The coef- 
ficients {ajv, &at, c^, djv} are independent of to because 
of the rotational symmetry of Ji. Since | ^ + 1, m) n+2 is 
fully ferromagnetic, we immediately find ajv^ + l) = 0, 
b N (% + 1) = 0, c N (f + 1) = 1 and djv(f + 1) = 0. Since 
there do not exist | ^ + 1, to) n and | j — 1, to) at for j < |, 
we have ci/v(y) = and cat(0) = cjst(j) = 0. Further, 
since |0, 0) n+2 cannot be produced from |0, 0)at and |t M ), 
we have 6^(0) = 0. 

Using eq. (14) two times successively, we obtain 
| j, to) n+2 in the following form: 

\j,m} N+2 = \ A n(s z n-i,s z n ,s z n+1 ,s z n+2 )) 

{s~=±l/2} 

® \ s N-l s N s N+l s N+2)- (15) 

Here, \Apf(s z N _ 1 , s z N , s^ +1 , s z N+2 )) is expressed by a sum- 
mation of the ground states of (N — 2)-site chain and con- 
tains {a N ,b N ,c N ,d N } and {a N ^ 2 , &JV-2, cjv_ 2 , d N ^ 2 }- 
The recursion relations for {a,N 7 b N ,CN,dN} are derived 
by imposing the condition that eq. (15) is the ground 
state of the local Hamiltonian Hn-i and Hn- Then we 
have 

m 1 -1/ \i • \ (3 + 7 2 )^2 1 . . 
(rtAr_i + n N )\j,m) N+2 = — tt; 5T bi TO )jv+2- 



2(1 -r») 



(16) 



This eigenvalue equation with eq. (15) stands, only if the 
following recursion relations are satisfied: 

Mi) a N _ 2 {j) 



dN(j) 

Mi) 
Mi) d N - 2 (j)' 



d N -2{i + l)' 

bN-2(j) 



(17) 
(18) 



J 





1 


2 


3 


04(3) 


(3 - 7)«o/3 


(5-7)(3 + 7 )v^ai 








64(7) 





2 v / 30ai/3o 


2V6Q2 





c 4(i) 









1 




«o/3i 


(l+7)vT5ai/?o 


(1 + 7)a 2 






Table I. Initial coefficients {04,64,04,^4} for the recursion rela- 
tions (17) to (19). Here, a = (51 + IO7 2 + 37 4 )~ 1/2 , ai = 
{3(385 + 2OO7 + 867 2 + 24 7 3 + 97 4 )}" 1 / 2 , a 2 = (35 + 67 + 
37 2 )" 1/2 , Po = (5 + 2 7 + 7 2 ) 1 /2 and Pl = (i + 7 ){ 2 (3 + 7 2 )} 1 /2. 



Mi) C W _ 2 (j) 



rfjv(j) d N - 2 {j - 1) 



(19) 



Further, the following relations for the same N should 
be satisfied: 



Mil 
Mi) 

Mi) 



/ j - 1 Mi - 1) 4 

lj + ld N (j-l) 1 + 7 V + 1 

Vj - T6jv(i - 1) + VjMj - 1) 



(20) 



VT^iMi - 1) + (tt^) ^ djv(j 

V / (2j + l)(2j - l)a N (J - l)d N (j - 1) 



With the normalization condition 



a 2 N 



b 2 N 



-N 



d 2 N 



(21) 



(22) 



the recursion relations (17) to (19) determine 
{ci/v, 6jv> cat, d/v} by starting from initial values for, 
e.g., iV = 4 except for coefficients with special values 
of j. Since the denominator of the right hand side of 
eq. (17) for j = ^ — 1 and of eq. (18) for j = ^ becomes 
zero, we separately evaluate oat(-j — 1) and J>at(tO by 
using eqs. (20) and (21). Parameter 7 representing the 
NN bond alternation only affects eqs. (20) and (21). All 
the above equations are independent of 5. 

The initial coefficients {04, 64, C4, d±} for the recursion 
relations (17) to (19) are given in Table I, and the initial 
ground states {|j, 777)4} are uniquely determined as 

(1,1, 1,1) -ui 



2,2)4 = I TTTT), 



|2, 1>4 



1,1)4 
2,0)4 
1,0)4 
0,0)4 



2,-1)4 = 

1, -1)4 = 

2, -2)4 = 



(3 + 7, 1 - 7, -1 + 7, -3 - 7) • 111 

2^5 + 2 7 + 7 2 
(1,1, 1,1, 1,1) -ixo 
V6 

(2,1 + 7,0,0, -I + 7, -2) -up 
^2(5 + 27 + 7^) 

(3 - 7, 27, -3 + 7, -3 + 7, 27, 3 + 7) ■ u 

2^3(3 + 7 2 ) 

(WKi 
2 

(3 + 7, 1 - 7, -1 + 7, -3 - 7) • u-i 



2^5 + 27 + 72 



-L -L ^ 5 



(23) 
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(27) 
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n/N 



0.1 0.2 0.3 0.4 0.5 

n/N 



Fig. 2. The expectation value {S^) for the ground state \j,j) ioo 
when 7 = (left) and 7 = 0.8 (right). 



where u x = (| TTT4), I TUT), I TUT), I UTT))', «o = 
(I TTUM T4T4>,I UU)),I TUT), I UU)> I UTT))* and 

u_! = (| TUUI ITU), I UU), I TUT))'- Thus the 
ground state \j, to) n with arbitrary even N is con- 
structed recursively by eqs. (14), (17) to (21). Note that 
all the coefficients can be determined as positive values 
by a suitable choice of the sign of each ground state. 
Thus the coefficients {ajv(j), 6at0), cat(j), d/v(j)} are de- 
termined uniquely. Further, since the total ground state 
is also a ground state of each local Hamiltonian Ti ni any 
total state which is not a local ground state cannot be 
another total ground state. Therefore, the ground state 
in the sector of fixed 5tot = j and S^ ot = to is nondc- 
generate. Although we have only shown the initial values 
for even N, the above recursion relations is valid for odd 
N by using the initial coefficients and the ground states 
for N = 3. The total degeneracy of the ground states 
is j(N + 2) 2 for even N and |[(JV + 2) 2 - 1] for odd 
N. Among the ground states for the OBC the state for 
j = to = is simultaneously the ground state for the 
PBC even if 7 ^ and 6^0. 

Using the above recursion relations, we can calculate 
physical quantities for large N. In Fig. 2, we show the 
expectation value (S*) for the ground state \ j, j)ioo when 
7 = and 7 = 0.8. 

We now examine the A chain, which is represented by 
Hamiltonian TL with J' 2 = (5 = — 1) and odd N. Since 
H n = for even n, eq. (16) reduces to 

Hn\3, m)jv+2 = - 7 m )N+2, (24) 

2(1 - Y) 

which is independent of s^-i- Then, instead of eqs. (17) 
to (21), we have 



aN-2(j) 



VJb N (j) + fe) VJTkMj) 



VT+2b N - 2 (j + 1) - VT+ld N - 2 (j + 1) 

(25) 



c N (j) VT+lb N (j)-(^)V3d N (j) 
CJV-2O') \fj - lb N - 2 {j - 1) + VJd N - 2 {j - 1) 



, (26) 



VWTTc N (j) 



Vj + U> N (j) - V]d N (j) 



VW^a N (j - 1) 

These equations are not enough to uniquely deter- 
mine the coefficients {aN,bN,CN,dN}, since the degen- 
eracy of the ground states increases. We speculate the 
(iv— i)/2Cj— 1/2-fold degeneracy for given N, j and to by 
numerical calculations. 

To summarize, we found exact solutions of all the de- 
generated ground states of the F-AF chain on the fer- 
romagnetic phase boundary. For a uniform F-AF chain, 
the exact ground states for arbitrary S to t an d 5^ ot is 
written down explicitly in the closed form (13). In each 
state, p singlet pairs are distributed uniformly among 
the remaining N — 2p unpaired spins. For a general F- 
AF chain with bond alternation, the recursion formulae 
for the ground states with respect to the system size 
have been derived. This formulae is independent of the 
NNN bond alternation. By using the recursion formulae, 
we can evaluate various physical quantities of the ground 
states for large systems. The detailed calculations will be 
reported elsewhere. 

This work is partly supported by Fund for Project Re- 
search in Toyota Technological Institute. 
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